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We theoretically analyze the performance of the nuclear magnetic resonance (NMR) spectroscopy with a
superconducting flux qubit (FQ). Such NMR with the FQ is attractive because of the possibility to detect the
relatively small number of nuclear spins in a local region (∼ µm) with low temperatures (∼ mK) and low
magnetic fields (∼ mT), in which other types of quantum sensing schemes cannot easily access. A sample
containing nuclear spins is directly attached on the FQ, and the FQ is used as a magnetometer to detect magnetic
fields from the nuclear spins. Especially, we consider two types of approaches to NMR with the FQ. One
of them is to use spatially inhomogeneous excitations of the nuclear spins, which are induced by a spatially
asymmetric driving with radio frequency (RF) pulses. Such an inhomogeneity causes a change in the DC
magnetic flux penetrating a loop of the FQ, which can be detected by a standard Ramsey measurement on the
FQ. The other approach is to use a dynamical decoupling on the FQ to measure AC magnetic fields induced
by Larmor precession of the nuclear spins. In this case, neither a spin excitation nor a spin polarization is
required since the signal comes from fluctuating magnetic fields of the nuclear spins. We calculate the minimum
detectable density (number) of the nuclear spins for the FQ with experimentally feasible parameters. We show
that the minimum detectable density (number) of the nuclear spins with these approaches is around 1021 /cm3
(108) with an accumulation time of a second.
I. INTRODUCTION
Nuclear magnetic resonance (NMR) and magnetic reso-
nance imaging (MRI) are attractive techniques to analyze
properties of the nuclear spins and these techniques have a
wide variety of the applications such as chemical analysis in-
cluding determination of the protein structure, the study for
molecular diffusion and biological imaging [1–4]. Typically,
in these techniques, an oscillating magnetic field from the tar-
get nuclear spin ensemble is induced by irradiating radio fre-
quency (RF) pulses and the magnetic field is detected by a
surrounding coil through inductive coupling. There are many
variations of the techniques to improve sensitivity and spatial
resolution such as dynamic nuclear polarization [5], SQUID
detected NMR [6], MRFM [7], microslot waveguide NMR
probe [8] and an external high-Q resonator [9].
Recently, a new approach to detect nuclear spins by using
an electron spin of the nitrogen-vacancy (NV) center in dia-
mond has been demonstrated [10–12]. The NV center is used
as an effective two-level system (qubit) and has a long coher-
ence time such as 2 milliseconds at a room temperature [13–
15]. It can be controlled by the microwave pulses and can
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be read out via the detection of photoluminescence from the
NV center at the room temperature. The nuclear spins with
zero or almost zero polarization have Larmor precession to
induce AC magnetic fields with random fluctuating amplitude
and phase. Such a randomized AC magnetic field can be de-
tected by implementing a spin echo or dynamical decoupling
on the NV centers [11, 12, 16]. In these schemes, intervals of
pi pulses are swept so that the resonance can be observed when
the inverse of the intervals corresponds to twice the Larmor
frequency of the nuclear spins. Since the NV center has the
long coherence time and the strong coupling strength due to
the short distance between the NV center and nuclear spin, the
sensitivity of such NMR is approaching a level of a single nu-
clear spin detection [16]. In the sensing approach using qubits,
the sensitivity can be improved by entangling qubits [17] and
the entanglement between NV centers has been extensively
studied [18, 19]. However, since the NV center is coupled
with the nuclear spins via a dipole-dipole interaction whose
strength decreases by 1/r3, where r denotes the distance be-
tween them, the NV center can only detect nuclear spins with
a distance of tens of nanometers in the current technology.
In this paper, we propose an approach to detect nuclear
spins by using a superconducting flux qubit (FQ) [20]. The FQ
is an artificial atom with a size of a few µm. The FQ has been
considered as one of the promising systems to realize a quan-
tum computer. Extensive efforts have been devoted to improve
performance of the FQ [21–28] and multi-qubit entanglement
has been realized [29]. It is possible to implement a single
qubit rotation with high fidelity, and also we can read out the
FQ by using a microwave resonator or a Josephson bifurca-
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FIG. 1: Schematic of our setup to implement NMR with a FQ from
the top view a and the side view b. A spin sample containing target
nuclear spins is attached on the FQ. A static magnetic field is applied
along the z-direction to polarize the nuclear spins. We will drive the
nuclear spins by AC currents through the RF line until the nuclear
spin system reaches a steady state. The side of the FQ square is a
length of L. The distance between the spin sample and the FQ is h.
A line to apply RF pulses is located with a distance of zRF from the
FQ, and Bex is the external magnetic field applied for polarizing the
nuclear spins. Since Bex is applied in the z-direction, this does not
affect the penetrating magnetic flux of the loop of the FQ. We define
the distance rj = |~rj | between the j-th spin and the RF line and the
angle θj between ~rj and z axis.
tion amplifier where a readout visibility can reach more than
80% [22, 23, 30, 31]. The frequency of the FQ can be shifted
by changing a magnetic flux penetrating a qubit loop. There-
fore, we can measure magnetic fields by using the FQ [32].
There is inductive coupling between the FQ and an electron
spin [33–37]. The coupling strength is approximately scaled
as 1/r as long as r is comparable or smaller than the charac-
teristic length of the FQ, where r denotes the distance between
the FQ and the spin. Hence it is in principle possible to detect
the spin far from the FQ [33, 34, 38]. There are many po-
tential applications by using this property such as a quantum
memory [33–35, 39, 40] or magnetic field sensing [41, 42].
Although there are several types of researches to detect local
electron spins using superconducting resonators [43–47], it is
discussed that the FQ has a reasonable advantage to detect
electron spins in a narrower region with high sensitivity [48].
Recently, by using the FQ as a detector of magnetization of
electron spins, electron spin resonance (ESR) was demon-
strated, and hundreds of the electron spin with a volume of
50 femtoliters can be detected by a total accumulation time
of a second [48]. These results show the excellent potential of
the FQ to detect nuclear spins, and we theoretically investigate
the performance of the FQ for NMR.
We consider two schemes for NMR with the FQ to analyze
their performance. In the first scheme, the FQ detects a DC
magnetic field from the nuclear spins by using spatially in-
homogeneous excitations of the nuclear spins. This method
has been used to realize the electron spin resonance with the
FQ [48]. In this scheme, we use an on-chip RF line near the
FQ for driving the nuclear spins. The schematic of our setup
is shown in Fig. 1. The essential idea is that the partial exci-
tation of the spins by the asymmetric driving induces a differ-
ence of the DC magnetic flux penetrating the loop of the FQ
due to the driving. In the second scheme, the FQ detects an
AC magnetic field from the nuclear spins which are induced
from the Larmor precession of the nuclear spins. Here, we use
a dynamical decoupling on the FQ to detect the AC magnetic
fields. This approach has been used to demonstrate NMR with
the NV centers in diamond as previously discussed [11].
Our paper is organized as follows. In Sec. II, we review
the standard general magnetic field sensing schemes with a
qubit. In Sec. III, we describe NMR spectroscopy with an FQ
using these two schemes. In Sec. IV, we show our numerical
results for the minimum detectable density and the minimum
detectable number of the nuclear spins. In Sec. V, we conclude
our discussion.
II. MAGNETIC FIELD SENSING WITH A QUBIT
Here, we review standard sensing schemes to detect either
DC or AC magnetic field with a qubit [17].
A. DC magnetic field sensing
Suppose that a frequency of a qubit is shifted by magnetic
fields so that the Hamiltonian in the rotating frame of the qubit
frequency can be described by
HˆDC =
∆ωDC
2
σˆz (1)
where σˆz = |0〉 〈0| − |1〉 〈1| is the Pauli Z operator, ∆ωDC =
ω′DC − ωDC denotes a detuning of the qubit, and ωDC (ω′DC)
is a frequency of the qubit without (with) an applied DC mag-
netic field. ω′DC is a function of the applied magnetic fields.
Throughout this paper, we set ~ = 1. The basic strategy for
the sensing is to know the deviation of the frequency from the
original one ωDC. First, prepare |+〉 = (|0〉+|1〉)/
√
2 state by
applying a pi2 pulse to the qubit. Second, let this state evolve
by the Hamiltonian for a time τ . Finally, we readout the state
by a projection operator described by Pˆy = 1+σˆy2 . By repeat-
ing these processes within a total time Ttot, we can obtain the
average value of the projective measurements. Since the ex-
pectation value of Pˆy has a dependence on ∆ωDC, we can de-
rive the value of ∆ωDC and estimate DC magnetic field from
the average of them.
B. AC magnetic field sensing
To detect AC magnetic fields, we can perform a dynamical
decoupling on a qubit. The Hamiltonian of the qubit with the
applied AC magnetic field in a rotating frame is described as
HˆAC =
λAC
2
cos(ωACt)σˆz, (2)
where λAC is the amplitude of the change in the energy bias
of the qubit due to the AC magnetic field and ωAC is the fre-
quency of the AC magnetic field. We can implement the dy-
namical decoupling on the qubit by using the following se-
quence. First, prepare a |+〉 state by applying a pi2 pulse to
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FIG. 2: Schematic of the nuclear spins excited by asymmetric driv-
ing. The arrows in the spin sample denote the nuclear spins which
are polarized to parallel or anti-parallel to the Bex. a, In the strong
driving limit, the nuclear spins are completely unpolarized, which is
represented by Iˆ/2, where the signals from the nuclear spins to the
FQ are cancelled out. b, With optimized driving power, the polariza-
tion rate of the nuclear spins are spatially inhomogeneous so that the
FQ can detect the change in DC magnetic fields penetrating the loop
of the FQ. The ρˆth,j is the state of the j-th nuclear spin at a thermal
state. Although we consider a zero temperature case in this figure
for simplicity, our idea can be also applied with a finite temperature
case.
the qubit. Second, let this state evolve by the Hamiltonian
for a time τ while we perform pi pulses with time τ . Finally,
we read out the state by a projection operator described by
Pˆx = 1+σˆx2 . It is worth mentioning that the time interval of
the pi pulses should be approximately set as τ ' 2pi/ωAC
so that the qubit flip interval can synchronize with the AC
magnetic field for the sensitive detection, where we assume
the pulse lengths are much shorter than τ . Similar to the DC
magnetic field sensing, by repeating these processes within
the total time Ttot, we can experimentally obtain the average
value of the projective measurements. Since the expectation
value of Pˆx has a dependence on the λAC, we can estimate the
amplitude of the AC magnetic fields from the average value.
III. NMR SENSING SCHEME WITH A FLUX QUBIT
Here, we describe two sensing schemes to detect the NMR
signal with the FQ. The first scheme uses the DC magnetic
field sensing and we call this a Ramsey measurement with
asymmetric driving. The other scheme uses a spin echo or a
dynamical decoupling on the FQ to detect AC magnetic fields
induced by the Larmor precession of the nuclear spins. The
schematic of our setup is shown in Fig. 1. A spin sample
containing nuclear spins is directly attached on the FQ. The
gyromagnetic ratio of the proton is the largest among typical
nuclear spins. This means that, as a proof of principle exper-
iment of NMR using the FQ, it is suitable to use the protons
as the target spins. Therefore, throughout this paper, we con-
sider the spin sample which includes the proton spins homo-
geneously.
A. NMR using Ramsey measurement with asymmetric driving
We describe NMR using a Ramsey measurement with
asymmetric driving. The FQ detects a magnetic flux penetrat-
ing the qubit loop. The magnetic flux is derived by integrating
the x component of magnetic flux from spins. Here, we con-
sider the case that the size of the spin samples is large enough
compared to the FQ. When we drive the spins asymmetrically,
the total magnetic flux from the spins arises, and this gener-
ates changes in the FQ signals before and after the driving as
shown in the Fig. 2. On the other hand, if all spins become
completely mixed states due to the strong driving, the total
magnetic flux penetrating the qubit loop is cancelled out, and
the FQ cannot obtain any signal change.
The Hamiltonian of our sensing system is written by us-
ing the Hamiltonian for the FQ, the spins, and the interaction
between them as bellow,
Hˆ = Hˆ(FQ) + Hˆ(int) + Hˆ(spin), (3)
Hˆ(FQ) =

2
σˆ′
(FQ)
z +
∆
2
σˆ′
(FQ)
x , (4)
Hˆ(int) =
1
2
M∑
j=1
γ(B
(FQ)
j · σˆ(spin)j )σˆ′
(FQ)
z , (5)
Hˆ(spin) =
1
2
M∑
j=1
(
ωj σˆ
(spin)
z,j + 4λRF,j σˆ
(spin)
x,j cosωRFt
)
.
(6)
Here  = 2Ip(Φ − Φ0/2) is the frequency detuning, Ip is
the persistent current of the FQ, Φ = Bex,⊥L2 is the mag-
netic flux penetrating the FQ, Φ0 is the magnetic flux quanta,
σˆ′
(FQ)
z(x) is the Pauli Z (X) operator of the FQ, Bex,⊥, which
is used for qubit control, is the x component of the exter-
nal magnetic field, ∆ is the gap frequency of the flux qubit,
σˆ
(spin)
z,j is the Pauli Z operator for the j-th spin, σˆ
(spin)
j =
(σˆ
(spin)
x,j , σˆ
(spin)
y,j , σˆ
(spin)
z,j ) is the spin vector of the j-th spin, M
is the total number of the spins, γ is the gyromagnetic ra-
tio of the spins, B(FQ)j is the magnetic field induced by the
FQ at the j-th spin, ωj = ω + δωj = γB
(j)
ex is the Lar-
mor frequency of the j-th spin, B(j)ex = Bex + δB
(j)
ex is the
external magnetic field at the j-th spin, ω = γBex is the
average frequency of the spins, δωj = γδB
(j)
ex is the fre-
quency deviation of the j-th spin from the average, δB(j)ex
denotes randomized local magnetic field from the environ-
ment at the j-th spin, λRF,j = γµ0IRF2pirj cos θj is the coupling
strength of the j-th spin with the RF line, µ0 is the vacuum
permittivity, ~rj(rj) is the vector (distance) from the RF line
to the spin, θj is the elevation angle between the FQ sur-
face and ~rj (as shown in Fig. 1), and IRF is the current in
the RF line. We can diagonalize the flux qubit term by us-
ing ωFQ2 σˆ
(FQ)
z =
√
2+∆2
2 σˆ
(FQ)
z =

2 σˆ
′(FQ)
z +
∆
2 σˆ
′(FQ)
x and
4ωFQ
2 σˆ
(FQ)
x =
∆
2 σˆ
′(FQ)
z − 2 σˆ′
(FQ)
x , as
Hˆ =
ωFQ
2
σˆ(FQ)z
+
1
2
M∑
j=1
γ(B
(FQ)
j · σˆ(spin)j )
(

ωFQ
σˆ(FQ)z +
∆
ωFQ
σˆ(FQ)x
)
+
1
2
M∑
j=1
(
ωj σˆ
(spin)
z,j + 4λRF,j σˆ
(spin)
x,j cosωRFt
)
. (7)
This is the simplified Hamiltonian for the FQ and nuclear
spins. Next, we consider the Hamiltonian for a Ramsey mea-
surement with asymmetric driving. In a rotating frame for the
FQ and the spins, which rotates at the frequency of ω′ and ωj ,
this Hamiltonian becomes
HˆAD ' ωFQ − ω
′
2
σˆ(FQ)z
+
1
2
M∑
j=1
(
γ˜(B
(FQ)
z,j σˆ
(spin)
z,j )σˆ
(FQ)
z + 2λRF,j σˆ
(spin)
x,j
)
,
(8)
where γ˜ = γ/ωFQ, we use the rotating-wave approximation
for the FQ and the spins, while assuming that ωRF = ω and
1/δωj is much larger than the time scale of this sequence. The
coupling strength between the FQ and the j-th spin γ˜B(FQ)z,j
can be seen as the energy splitting of the FQ due to the ef-
fective DC magnetic field from the j-th spin γ′B(spin)z,j . Here
γ′ = dωFQdB⊥ is the derivative of the qubit frequency with re-
spect to the magnetic field B⊥ penetrating the loop of the FQ,
and B(spin)z,j denotes the DC magnetic field at the FQ induced
by j-th spin. When we consider a case without driving the
nuclear spins (λRF,j = 0), we can simplify the Hamiltonian
as follows.
HˆAD =
1
2
ωFQ − ω′ + γ′ M∑
j=1
B
(spin)
z,j σˆ
(spin)
z,j
 σˆ(FQ)z . (9)
Here, we assume that the nuclear spins reach a thermal equi-
librium state so that we can classically treat the nuclear spins.
By tracing out the freedom of the nuclear spin state, only
the magnetization from the nuclear spin state remains in the
Hamiltonian to affect the dynamics of the FQ. Especially, we
define
〈
σˆ
(spin)
z,j
〉
th
as an expectation value of Pauli Z opera-
tor for the j-th spin in the case of the thermalized nuclear-spin
state without the RF driving. On the other hand, we define〈
σˆ
(spin)
z,j
〉
st
as an expectation value of Pauli Z operator for
the j-th spin when the nuclear-spin state is in steady state by
the RF driving.
We can use a pulse sequence of the standard DC mag-
netic field sensing for the detection of the nuclear spins as
shown in Fig. 3. In our scheme, the difference of the spin
polarization between before and after the RF driving induces
an effective DC magnetic fields to the FQ. By setting ω′ =
FQ
RF
Saturation
Pulse
×N
t
t
FIG. 3: The pulse sequence for a Ramsey measurement with asym-
metric driving. After the nuclear spins are excited by the RF pulse,
the Ramsey interference measurements performed N times. σˆz
means the measurement in the z-direction.
ωFQ +
∑M
j=1 γ
′B(spin)z,j
〈
σˆ
(spin)
z,j
〉
th
, the detuning caused by
the RF driving is defined as
∆ωFQ = γ
′
M∑
j=1
B
(spin)
z,j
(〈
σˆ
(spin)
z,j
〉
st
−
〈
σˆ
(spin)
z,j
〉
th
)
, (10)
and the Hamiltonian for the Ramsey measurement becomes
Hˆ ′AD =
1
2
∆ωFQσˆ
(FQ)
z . (11)
In the end, the signal PAD is calculated as
PAD = Tr[e
−iHˆ′ADτAD |+〉 〈+|(FQ) eiHˆ′ADτADPˆ(FQ)y ]
=
1
2
+
1
2
sin ∆ωFQτAD,
' 1
2
+
1
2
∆ωFQτAD, (12)
where |+〉 〈+|(FQ) = |+〉(FQ)(FQ) 〈+| and we assume that
∆ωFQτAD  1.
To maximize the detuning ∆ωFQ, we optimize the position
of the RF line and the Rabi frequency. For this purpose, we
need to calculate
〈
σˆ
(spin)
z,j
〉
st
and
〈
σˆ
(spin)
z,j
〉
th
. The density
matrix for the j-th spin ρˆj at the thermal state is calculated by
using Boltzmann distribution as ρˆth,j = exp
[
−ωj σˆ
(spin)
z,j
2kBT
]
/Z
and Z = Tr
[
exp
[
−ωj σˆ
(spin)
z,j
2kBT
]]
, where kB is the Boltzmann
constant and T is the temperature. We can get
〈
σˆ
(spin)
z,j
〉
th
=
Tr
[
σˆ
(spin)
z,j ρˆth,j
]
' ωkBT , where we assume δωj  ω.
We will solve the Lindblad master equation of the j-th spin
for calculating
〈
σˆ
(spin)
z,j
〉
st
. It is worth mentioning that, while
we drive the nuclear spins by the RF pulses, the FQ is in a
ground state. In this case, we can trace out the FQ term from
the Hamiltonian by taking σˆ(FQ)z = −1. Then, the master
equation is given as
dρˆj
dt
= −i[Hˆj , ρˆj ] + Lˆj ρˆj , (13)
5FIG. 4: The ratio of the polarization with RF driving ∆
〈
σˆ
(spin)
z,j
〉
to the polarization of thermal state
〈
σˆ
(spin)
z,j
〉
th
. The vertical axis
denotes γµ0IRF/Γ˜R (normalized current strength of the RF pulse),
while the horizontal axis denotes rj cos θj/R where rj cos θj de-
notes z component of the position vector ~rj from RF line to the
j-th spin (as shown in Fig. 1). In this calculation, we set the ref-
erence distance R = 1 µm, temperature T = 20 mK, the magnetic
field Bex = 5 mT and the x components of the j-th spin position is
0.1 µm. At rj cos θj = 0, since λRF,j = 0, ∆
〈
σˆ
(spin)
z,j
〉
becomes
zero.
where Hˆj is the Hamiltonian for the j-th spin and Lˆj is the
Lindblad superoperator for the j-th spin. With RF driving, the
Hamiltonian for the j-th spin is
Hˆj =
1
2
(
ω + δωj + γ˜B
(FQ)
z,j
)
σˆ
(spin)
z,j
+2λRF,j σˆ
(spin)
x,j cosωRFt. (14)
In a rotating frame for the nuclear spin, the Hamiltonian is
described as
Hˆj,rot =
1
2
δωj σˆ
(spin)
z,j + λRF,j σˆ
(spin)
x,j , (15)
where we assume that ωRF = ω and δωj  γ˜B(FQ)z,j , and we
use the rotating-wave approximation. The superoperator Lˆj is
described as
Lˆj ρˆj =− Γ
2
(1− s)[σˆ+,j σˆ−,j ρˆj + ρˆj σˆ+,j σˆ−,j − 2σˆ−,j ρˆj σˆ+,j ]
− Γ
2
s[σˆ−,j σˆ+,j ρˆj + ρˆj σˆ−,j σˆ+,j − 2σˆ+,j ρˆj σˆ−,j ],
(16)
where Γ is the longitudinal relaxation rate, σˆ+,j = σˆ
†
−,j =
|1〉jj 〈0| is the raising operator and s = 12 + 12
〈
σˆ
(spin)
z,j
〉
th
denotes a probability that the spin is excited at the thermal
equilibrium state.
For a given frequency deviation δωj , we solve the master
equation (13) for the steady state, and obtain the polarization
0
0.5
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FIG. 5: The signal of the FQ as a function of zRF and the
γµ0IRF/Γ˜R. L and h are 2 µm and 0.1 µm, respectively. We use
the same parameters as that used in the Fig. 4 except the parameters
mentioned above. The size of the spin sample is 2.5L× 2.5L× 2L.
∆ωFQ,max is the maximum value of ∆ωFQ in this plot region.
difference between the thermal and saturated state
∆
〈
σˆ
(spin)
z,j
〉
=
〈
σˆ
(spin)
z,j
〉
st
−
〈
σˆ
(spin)
z,j
〉
th
= −
〈
σˆ
(spin)
z,j
〉
th
8λ2RF,j
Γ2 + 8λ2RF,j + 4δω
2
j
. (17)
However, in the real systems, the nuclear spins are affected
by a low-frequency magnetic field noise δB(j)ex from the en-
vironment. To take into account this effect, we consider an
ensemble average of the frequency deviation with a Gaussian
weight as follows.
∆
〈
σˆ
(spin)
z,j
〉
= −
〈
σˆ
(spin)
z,j
〉
th
∫ ∞
−∞
1
Γ˜
√
pi
e−
δω2j
Γ˜2
× 8λ
2
RF,j
Γ2 + 8λ2RF,j + 4δω
2
j
d(δωj)
= −
〈
σˆ
(spin)
z,j
〉
th
4λ2RF,j
√
pie
Γ2+8λ2RF,j
4Γ˜2
Γ˜
√
Γ2 + 8λ2RF,j
× Erfc

√
Γ2 + 8λ2RF,j
2Γ˜
 (18)
where Γ˜ is linewidth of the frequency δωj due to the environ-
mental magnetic field noise and Erfc[·] is a complementary
error function. Since the energy relaxation is typically much
weaker than the low-frequency magnetic field noise, we as-
sume that Γ  Γ˜ throughout this paper [49–51] and we set
Γ = 10−3 × Γ˜ in the calculation. (It is worth mentioning
that our results are not significantly changed for any value
of Γ as long as the condition of Γ ≤ 10−3 × Γ˜ is satisfied,
which we numerically confirmed.) We need a position depen-
dence of
〈
σˆ
(spin)
z,j
〉
st
to evaluate the effect of the spatially in-
6homogeneous excitation of the nuclear spins after the RF driv-
ing. To illustrate such an asymmetric excitation, the density
plot of normalized polarization ∆
〈
σˆ
(spin)
z,j
〉
/(−
〈
σˆ
(spin)
z,j
〉
th
)
is shown in Fig. 4. As the nuclear spins are located closer
to the RF line, the excitation ratio after the driving becomes
larger so that the spin excitation ratio can be spatially inhomo-
geneous in our setup.
To optimize the position of the RF line and the current of
the RF pulse, we plot ∆ω
FQ
/∆ω
FQ,max
in the Eq. (10) as a
function of zRF and the γµ0IRF/Γ˜R in Fig. 5. This shows
that ∆ωFQ/∆ωFQ,max is optimized when γµ0IRF/Γ˜R ' 1
is satisfied for 1 µm < zRF < 3 µm. In the actual experi-
ment, the current in the RF line can be as large as a few mA.
This means that, as long as Γ˜ < 105 s−1, we can optimize
the signal by controlling the IRF. Therefore, throughout this
paper, we fix the value of zRF, because we can obtain almost
the same optimal signal by choosing IRF for a given zRF as
shown in the Fig. 5. Therefore, in the calculation section (Sec-
tion IV), we fix the value of zRF, because we can obtain al-
most the same optimal signal by choosing IRF for a given zRF
as shown in the Fig. 5.
For more realistic estimation, we consider the effect of the
dephasing of the FQ and an imperfect readout. We adopt
a dephasing channel of the FQ such as Eˆ(ρˆ) = pρˆ + (1 −
p)σˆ
(FQ)
z ρˆσˆ
(FQ)
z for a density matrix of the FQ ρˆ, where p =
1
2 +
1
2e
−Γ(FQ)AD τAD denotes a probability to induce the dephas-
ing during the interaction time τAD, Γ
(FQ)
AD = 1/T
∗
2 denotes
the dephasing rate of the FQ and T ∗2 is the dephasing time for
a Ramsey measurement. The qubit state before the readout
step can be described as
ρˆAD =
1 + e−Γ
(FQ)
AD τAD
2
(
e−iHˆ
′
ADτAD |+〉 〈+|(FQ) eiHˆ′ADτAD
)
+
1− e−Γ(FQ)AD τAD
2
×
(
σˆ(FQ)z e
−iHˆ′ADτAD |+〉 〈+|(FQ) eiHˆ′ADτAD σˆ(FQ)z
)
.
(19)
After the readout by Pˆy we can get the signal as
P ′AD ' 1
2
+
1
2
e−Γ
(FQ)
AD τAD∆ωFQτAD, (20)
∆ωFQ = γ
′
M∑
j=1
B
(spin)
z,j ∆
〈
σˆ
(spin)
z,j
〉
.
Suppose a perfect measurement apparatus (MA) was avail-
able, the MA would provide us with a specific detection signal
(such as a large electrical current) if and only if the state of the
FQ is |e〉(FQ) while the MA would not generate such detection
signal with a state of |g〉(FQ), where |e(g)〉(FQ) denotes that
the state of the FQ is the excited (ground) state. However, the
measurement apparatus is imperfect in the actual experiment,
and the measurement results may not correspond to the actual
state of the FQ. To include such an imperfection, we adopt a
model that the FQ is depolarized due to the interaction with
the MA by the following error channel
Eˆ(ρˆAD) = (1− η)ρˆAD + η Iˆ
2
, (21)
where η is the depolarization ratio. We assume that a pro-
jective measurement can be implemented only after the FQ is
affected by this error channel. In this case, the signal can be
described as
P˜ ′AD ' 1
2
+
1
2
(1− η)e−Γ(FQ)AD τAD∆ωFQτAD.
In order to quantify the accuracy of the measurement pro-
cess, we define a probability that the imperfect MA shows
the detection signal (that is expected to occur when the FQ
is excited) as p(detect). Especially, we consider conditional
probabilities such as p(detect| |e〉(FQ)) [p(detect| |g〉(FQ))]
to observe the MA detection signal when the FQ state is
prepared in |e〉(FQ) [|g〉(FQ)]. By using our error model,
we can calculate these as p(detect| |e〉(FQ)) = 1 − η2 and
p(detect| |g〉(FQ)) = η2 . The so-called visibility V is defined
as V = p(detect| |e〉(FQ))−p(detect| |g〉(FQ)). In our model,
the visibility is described as V = 1−η. From this relationship,
the signal of the FQ can be described as
P˜ ′AD ' 1
2
+
1
2
V e−Γ
(FQ)
AD τAD∆ωFQτAD. (22)
Next, we consider the optimization of the interaction time
τAD. In our scheme, we measure DC magnetic fields from the
nuclear spins. According to the standard prescription of the
quantum metrology [17], we will consider the uncertainty of
the estimation of the target fields as follows
δBDC =
√
P˜ ′AD(1− P˜ ′AD)∣∣∣dP˜ ′ADdBDC ∣∣∣√N '
eΓ
(FQ)
AD τAD
V γ′τAD
√
N
,
where BDC =
∑M
j=1B
(spin)
z,j ∆
〈
σˆ
(spin)
z,j
〉
is the effective DC
magnetic field from the nuclear spins, N = Ttot/Trep is the
number of repetitions, and Trep is the time required for a sin-
gle measurement. The interaction time τAD to minimize this
uncertainty is τoptAD = 1/Γ
(FQ)
AD = T
∗
2 .
B. NMR using dynamical decoupling
We describe the NMR by using the dynamical decoupling
on the FQ. We adopt the same Hamiltonian as the Eq.(7). We
detect Larmor precession of the nuclear spins, which induces
AC magnetic fields. We can use a pulse sequence shown in
Fig. 6 with 2n−1 pi pulses. This technique has been used
to detect nuclear spins by using a single NV center [11]. It
is worth mentioning that neither RF driving (λRF = 0) nor
polarization of the nuclear spins is required for this detection.
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FIG. 6: The pulse sequence for dynamical decoupling using n pi
pulses.
For simplicity, we consider the case of single nuclear spin cou-
pled with the FQ. In a rotating frame for the FQ which rotates
at the frequency of ωFQ, the Hamiltonian in the Eq.(7) for the
FQ and the j-th spin becomes
Hˆj ' 1
2
(
γ˜B
(FQ)
z,j σˆ
(FQ)
z + ωj
)
σˆ
(spin)
z,j
+
γ˜
2
B
(FQ)
⊥,j σˆ
(spin)
⊥,j σˆ
(FQ)
z ,
(23)
where B(FQ)⊥,j =
√(
B
(FQ)
x,j
)2
+
(
B
(FQ)
y,j
)2
is the ampli-
tude of the magnetic field in an x-y plane and σˆ(spin)⊥,j =
B
(FQ)
x,j /B
(FQ)
⊥,j σˆ
(spin)
x,j + B
(FQ)
y,j /B
(FQ,j)
⊥,j σˆ
(spin)
y,j . In a rotating
frame for the spin, the last term can be regarded as a coupling
of the AC magnetic field from the nuclear spins and the mag-
netic field from the FQ [52]. Similar to the case of the Ramsey
measurement with asymmetric driving, we use a relationship
of γ˜B(FQ)⊥,j = γ
′B(spin)⊥,j , and rewrite the Hamiltonian where
B
(spin)
⊥,j is the AC magnetic field effect from nuclear spins.
For ωj  γ˜B(FQ)z,j , the Hamiltonian is rewritten as
HˆDD,j =
ωj
2
σˆ
(spin)
z,j +
γ′
2
B
(spin)
⊥,j σˆ
(spin)
⊥,j σˆ
(FQ)
z
= |0〉 〈0|(FQ) ⊗ Hˆ(spin)0,j + |1〉 〈1|(FQ) ⊗ Hˆ(spin)1,j ,
(24)
where Hˆ(spin)0,j =
ωj
2 σˆ
(spin)
z,j +
γ′
2 B
(spin)
⊥,j σˆ
(spin)
⊥,j and Hˆ
(spin)
1,j =
ωj
2 σˆ
(spin)
z,j − γ
′
2 B
(spin)
⊥,j σˆ
(spin)
⊥,j . We prepare an initial state of
|ψ±,j(0)〉 = |+〉(FQ) ⊗ |±〉(spin)j . In this section, we consider
a case of n=1, which is called a spin echo. Let this evolve by
the Hamiltonian for a time τDD/2, and we obtain∣∣∣ψ±,j (τDD
2
)〉
=
1√
2
|0〉(FQ) ⊗ e−iHˆ(spin)0,j τDD2 |±〉(spin)j
+
1√
2
|1〉(FQ) ⊗ e−iHˆ(spin)1,j τDD2 |±〉(spin)j .
(25)
After performing a pi pulse on the FQ, let the state evolve for
a time τDD/2, and we obtain
|ψ±,j(τDD)〉 = 1√
2
|1〉(FQ) ⊗ Uˆa |±〉(spin)j (26)
+
1√
2
|0〉(FQ) ⊗ Uˆb |±〉(spin)j .
where Uˆa,j = e−iHˆ
(spin)
1,j
τDD
2 e−iHˆ
(spin)
0,j
τDD
2 and Uˆb,j =
e−iHˆ
(spin)
0,j
τDD
2 e−iHˆ
(spin)
1,j
τDD
2 . By reading out the state of the
FQ with a projection operator Pˆx = 1+σˆx2 , we have
P± = Tr
[
Pˆx |ψ±,j(τDD)〉 〈ψ±,j(τDD)|
]
=
1
2
+
1
4
(spin)
j 〈±| (Uˆ†aUˆb + Uˆ†b Uˆa) |±〉(spin)j . (27)
So, the signal will be calculated as
P± ' 1−
(
cos
ωjτDD
2
− 1
)2 (γ′B(spin)⊥,j )2
ω2j
(28)
for ωj  γ′B(spin)⊥,j . It is worth mentioning that since the
signal does not depend on the initial spin state |±〉(spin)j , we
obtain the same signal as Eq.(28) even when the initial spin
state is completely mixed such as ρˆ(spin)j =
1
2 |+〉 〈+|(spin)j +
1
2 |−〉 〈−|(spin)j . This shows that the polarization of the nuclear
spins is not required to perform the NMR when we use the
spin echo on the FQ.
We generalize this idea to the case of M nuclear spins. The
state before the readout step is described as
|ψ+(τDD)〉 = 1√
2
|1〉(FQ) ⊗
M∏
j=1
Uˆa,j |+〉(spin)j
+
1√
2
|0〉(FQ) ⊗
M∏
j=1
Uˆb,j |+〉(spin)j . (29)
By readout the state by Pˆx, we obtain
PDD =
1
2
+
1
4
M∏
j=1
(spin)
j 〈+| (Uˆ†a,jUˆb,j + Uˆ†b,jUˆa,j) |+〉(spin)j
' 1−
M∑
j=1
(
cos
ωjτDD
2
− 1
)2 (γ′B(spin)⊥,j )2
ω2j
, (30)
for ωj  γ′B(spin)⊥,j . Similar to the case of the FQ coupled
with a single nuclear spin discussed above, we obtain the same
signal even when the initial spin state is completely mixed.
We can obtain the signal when we perform pi pulses 2n−1
times, which corresponds to the case of the dynamical decou-
pling.
PDD =
1
2
+
1
4
×
M∏
j=1
(spin)
j 〈+|
(
(Uˆ†a,j)
n(Uˆb,j)
n + (Uˆ†b,j)
n(Uˆa,j)
n
)
|+〉(spin)j .
(31)
In this section, to understand the basic properties of the
NMR with the FQ via the AC magnetic fields from the nuclear
8spins, we mainly discuss the simplest spin-echo case to per-
form a single pi pulse on the FQ, while we show the detailed
calculation of the case to perform the dynamical decoupling
in Appendix A.
As is the case with the Ramsey measurement with asym-
metric driving, the nuclear spins are affected by low-
frequency magnetic fields noise δB(j)ex from the environment.
To take into account this effect, we consider an ensemble av-
erage of the frequency with a Gaussian weight as follows.
PDD ' 1−
M∑
j=1
∫ ∞
−∞
1
Γ˜
√
pi
e−
δω2j
Γ˜2
×
(
cos
ωjτDD
2 − 1
)2
ω2j
d(δωj)(γ
′B(spin)⊥,j )
2
' 1−
(
cos
ωτDD
2
− 1
)2 M∑
j=1
(γ′B(spin)⊥,j )
2
ω2
,
(32)
where we assume Γ˜  ω. So, the signal does not depend on
the linewidth Γ˜ as long as the higher order terms of |Γ˜/ω| is
negligible.
We consider the dephasing of the FQ and an imperfect read-
out. Due to the dephasing, the density matrix of the total sys-
tem before the readout step is described as
ρˆDD =
1 + e−Γ
(FQ)
DD τDD
2
|ψ±(τDD)〉 〈ψ±(τDD)|
+
1− e−Γ(FQ)DD τDD
2
(σˆ(FQ)z |ψ±(τDD)〉 〈ψ±(τDD)| σˆ(FQ)z ),
(33)
where Γ(FQ)DD = 1/T2 is the dephasing rate of the FQ for dy-
namical decoupling. Then, the signal with the imperfect read-
out is described as
P˜ ′DD ' 1
2
+ V e−Γ
(FQ)
DD τDD
×
1
2
−
(
cos
ωτDD
2
− 1
)2 M∑
j=1
(γ′B(spin)⊥,j )
2
ω2
 .
(34)
Although the signal described here is the case of the spin echo,
we show the signal form with the case of the general dynami-
cal decoupling in the appendix A.
In our scheme, we measure an amplitude of AC magnetic
fields generated by the nuclear spins. According to the stan-
dard prescription of the quantum metrology [17], we will con-
sider the uncertainty of the estimation of the target fields as
follows
δBAC =
√
P˜ ′DD
(
1− P˜ ′DD
)
∣∣∣dP˜ ′DDdBAC ∣∣∣√N
where BAC =
√∑M
j=1
(
B
(spin)
⊥,j
)2
denotes effective AC
magnetic fields from the nuclear spins. The interaction time
τDD is numerically determined to minimize this uncertainty
δBAC.
IV. THE DETECTABLE DENSITY AND NUMBER OF THE
NUCLEAR SPINS BY NMR WITH THE FQ
To compare the performance of the two schemes (Ram-
sey measurement and dynamical decoupling), we will calcu-
late the detectable density and the number of nuclear spins
by using these two schemes. To calculate the minimum de-
tectable density of the nuclear spins, we consider a circum-
stance that a large spin sample containing nuclear spins is at-
tached on the FQ with a minimum distance of h as shown
in Fig. 1. On the other hand, to calculate the minimum de-
tectable number of nuclear spins, we consider a spin sam-
ple whose size is smaller than the FQ. For the calculations,
we set the temperature T = 20 mK, the qubit gap fre-
quency ∆/2pi = 5.37 GHz, the frequency detuning /2pi =
0.112 GHz, the persistent current IFQ = 180 nA, the visibility
V = 0.79, the repetition time Trep ' 100 µs, the dephasing
time for a Ramsey measurement T ∗2 = 1 µs, the dephasing
time for a dynamical decoupling with n = 1, 2, 4, 6, 8, 10 is
T2 = 5.00, 6.63, 8.91, 10.8, 12.4, 13.6 µs, and the distance
between the RF line and the FQ is set as zRF = 2 µm. We use
these parameters based on recent experimental results shown
in [53]. Also, we assume that the target nuclear spin is proton
with a gyromagnetic ratio of γ/2pi ' 42.6 MHz/T, and the
electric current for the RF driving strength is optimized.
A. The minimum detectable density for NMR with the FQ
To calculate the minimum detectable density, we define
signal-to-noise ratio (SNR). In our NMR with the FQ, the
signal is an amplitude of the effective magnetic field from the
nuclear spins while the noise is the uncertainty of the esti-
mation. When we fix the other parameters, both the signal
and noise just depend on the density of the nuclear spins.
So we define the minimum detectable density ρ(spin)min as to
satisfy BDC
(
ρ
(spin)
min
)
= δBDC
(
ρ
(spin)
min
)
for the Ramsey
measurement with asymmetric driving and BAC
(
ρ
(spin)
min
)
=
δBAC
(
ρ
(spin)
min
)
for the spin echo scheme.
Also, we assume that the size of the spin sample containing
the nuclear spins is 2.5L × 2.5L × 2L. Around the edge of
the spin sample with this size, the Zeeman splitting of the nu-
clear spin due to the magnetic fields from the FQ becomes 3
order of magnitude smaller than the largest Zeeman splitting
of the nuclear spins located above the FQ line. This means
that, although a much larger spin sample such as a few mil-
limeters is attached on the FQ in the real experiment [48], the
size adopted in our calculation is large enough to consider the
effective coupling between the FQ and the nuclear spins.
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FIG. 7: The minimum detectable density against the distance h be-
tween the spin sample and the FQ by using the Ramsey measurement
with asymmetric driving a and the spin echo scheme b. The red,
blue, and green dots indicate the FQ size 2 µm, 6 µm, and 10 µm,
respectively.
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FIG. 8: The minimum detectable density against the external mag-
netic field Bex by using the Ramsey measurement with asymmetric
driving and the spin echo scheme. The red dots are the plot for the
Ramsey measurement with asymmetric driving. The blue dots are
the plot for the spin echo scheme.
The numerical results for the minimum detectable density
against the height h and the size L for these two schemes are
shown in Fig. 7. These results show that, with h = 0.1 µm, the
minimum detectable density with the Ramsey measurement
with asymmetric driving is 2.28, 4.00, 5.56 times smaller than
that with the spin echo scheme for the size of 2 µm, 6 µm,
10 µm, respectively. Also, these plots show that, to detect
the smaller density spins, it is helpful to increase the size of
the FQ and to close the distance between the FQ and the spin
sample. It should be noted that, in our calculation, we adopt
a coherence time reported in the previous work [53] where
the size of the FQ is around 2 µm, and we use the same co-
herence time of the FQ with different sizes for our calcula-
tions. However, in real experiments, a larger FQ would show
a shorter coherence time. So, our calculation for the FQ with
the size larger than 2 µm would not be available in the current
technology, but they show potentially achievable values in the
near future technology that could provide us a larger FQ with
the reasonably long coherence time. It is worth mentioning
that, in these calculations, we set the external magnetic field
as Bex = 4 mT. It is known that, if a magnetic field larger
than a certain threshold strength is applied, the FQ could be
damaged and would not work as a two-level system. Such a
threshold magnetic field strength strongly depends on the su-
perconducting material, but it is typically around 4 mT for the
FQ with four Josephson junctions [48]. So, in this paper, we
mainly consider the applied magnetic fields around 4 mT.
Next, we calculate the minimum detectable density ρ(spin)min
against the Bex for the FQ of L = 2 µm. The numerical re-
sults are shown in Fig. 8. These plots show that the ρ(spin)min
with a Ramsey measurement with asymmetric driving is in-
versely proportional to the external magnetic field Bex. This
is because the signal of a Ramsey measurement with asym-
metric driving is proportional to the polarization of the spins
and the polarization linearly increases with the external mag-
netic fields in our parameter range. The ρ(spin)min using spin
echo scheme has the minimum value at a certain value of Bex
for the following reasons. When the magnetic field gets larger
than that value, the signal decreases due to a short interac-
tion time between the FQ and nuclear spins. On the other
hand, when the magnetic field gets smaller than that value,
the interaction time becomes longer, however, the signal de-
creases due to the dephasing of the FQ [see Eq.(34)]. In this
calculation, the ρ(spin)min using spin echo scheme takes the min-
imum value at the Bex ' 1.8 mT. This behavior is quanti-
tatively the same for different sizes of FQs. The minimum
detectable density with the spin echo scheme takes the mini-
mum value of ρ(spin)min ' 1021/cm3 for Bex ' 1.8 mT where
ω = 4pi/T2 is approximately satisfied. This is consistent with
the fact that the performance to sense the AC magnetic fields
with a frequency of ω by using a qubit becomes optimized for
ω ' 2pi/τ and τ ' T2/2 [54].
We also plot the magnetic field dependence of the ρ(spin)min
for multiple pi pulses in Fig. 9. These calculations show that,
by increasing both the number of the pi pulses and the strength
of the applied magnetic fields, we can detect spins with a
smaller density. This comes from the fact that increasing the
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FIG. 9: The minimum detectable density against the external mag-
netic field Bex and the echo times. The red, blue, green, purple,
orange and gray circle denotes the echo times n = 1, 2, 4, 6, 8, 10.
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FIG. 10: The schematic for sensing the minimum detectable spin-
number. The size of the spin sample is l × l × h′. The distance
between the spin sample and the FQ is set as h =0.1 µm. The center
of the spin sample is attached to the FQ in three ways. a, The spin
sample center is put on the middle of the FQ line that is closest to
the RF line. b, The spin sample center is set at the center of the FQ.
c, The spin sample center is put on the middle of the FQ line that
is orthogonal to the external magnetic field. d, The top view of the
schematic setup a, b and c.
number of the pi pulses improves the coherence time, while
the time interval between the pi pulses becomes shorter, which
requires higher Larmor frequency of the nuclear spins to syn-
chronize with the pi pulse time interval on the FQ. However, it
is known that the FQ cannot stand the high external magnetic
field Bex, as we discussed before. Therefore, we consider a
case of the applied magnetic field of 4 mT that is close to the
strongest applied magnetic fields with the FQ, and we find that
the optimal number of the pi pulses with this magnetic fields
is n = 8.
B. The minimum detectable number of nuclear spins by NMR
with the FQ
We discuss how to estimate the minimum detectable num-
ber of nuclear spins N (spin)min . In the current experiments, a
large spin sample of millimeter size is attached on the FQ [48].
In this setup, the FQ has finite couplings with all nuclear spins
in the large spin sample, thus, it is not straightforward to es-
timate the number of the detected spins. If we naively sum
up the number of the spins that have a finite coupling with
the FQ, we need to consider every spin in the spin sample,
which turned out to be quite large. So, for the estimation
of the N (spin)min , we will consider the case that the spin sam-
ple is as small as the FQ. More specifically, we consider the
setup as shown in Fig. 10. Since the NMR signal comes from
B
(spin)
z,j for a Ramsey measurement asymmetric driving while
the NMR signal comes from B(spin)⊥,j for dynamical decou-
pling scheme, the optimized way to put the spin sample for
each scheme should be different. The size of the spin sample
is l × l × h′ where l (h′) denotes the width (height), and we
set h = 0.1 µm (the distance between the spin sample and the
FQ) and h′ = 0.1 µm. In this calculation, we assume that all
nuclear spins are saturated with strong driving fields for the
Ramsey measurement. For a given value of l, we calculate
the minimum density ρ(spin)min such that SNR becomes unity
in this setup (similar to the case in the previous subsection),
and the N (spin)min can be calculated as l × l × h′ × ρ(spin)min .
The calculation results for theN (spin)min are shown in Fig. 11.
In this calculation, we set Bex = 4 mT and use the dynamical
decoupling with n = 8. When we use the FQ with the size
of L = 2 µm and the spin sample with the width l of a few
hundred nm, theN (spin)min can be around 10
8 either by using the
Ramsey measurement scheme in the setup a or the dynamical
decoupling scheme with n = 8 in the setup b. The behaviors
of the N (spin)min using a Ramsey measurement with asymmetric
driving drastically change when the size of the spin sample
is around 2L. Actually, N (spin)min for the spin sample with the
size more than 2L increase more rapidly than that with the
spin sample with the size less than 2L. This is because the
spin sample with a size much larger than 2L contains many
nuclear spins that are only weakly coupled with the FQ due
to the long distance between them. With the setup b, the dy-
namical decoupling scheme can detect the smallest number of
spins when the size of the spin sample is approximately equal
to the size of the FQ. This is reasonable because the spin sam-
ple with the size either much larger or smaller than L makes
the average FQ-spin coupling weaker for the dynamical de-
coupling scheme case. The reason why the setup b is better
than the setup c in the dynamical decoupling scheme at l ' L
is that in the setup b, the spin sample can exactly cover the
FQ, which provides us with the optimized average coupling
strength. N (spin)min for otherBex can be estimated by using both
calculation results in Fig. 10 and Fig. 11.
As we discussed above, we can approximately detect 108
nuclear spins with our schemes in realistic conditions. We
compare this performance with that by using the other meth-
ods. First, we compare the detectable number with the ex-
perimental results of the ESR with the FQ [48]. In this ex-
periment, the FQ could detect the ∼ 400 electron spins with
an accumulation time of a second. To take the ratio of the
gyromagnetic ratio of electron and that of proton into consid-
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FIG. 11: The minimum detectable number of the nuclear spins
against the size of the spin sample. In the legends, a, b, and c repre-
sent the sample configurations shown in Fig. 9. The NMR with the
setup a and c detects the minimum number of the nuclear spins when
the size of the spin sample is much smaller than the size of the FQ,
while the NMR with the setup b detects it when the size of the spin
sample is comparable with that of the FQ.
eration, it is presumed that the order of the detectable nuclear
spins is around 108, which is consistent with our numerical
results. An NMR using a conventional RF microcoil can de-
tect ∼ 5 × 1011 nuclear spins at room temperature and static
magnetic field of 11.7 T with a 10 min acquisition time [55].
The polarization of the nuclear spins is almost the same for
this condition and our condition. Compared to this number,
the FQ can detect 103 times smaller nuclear spins.
V. CONCLUSION
In conclusion, we theoretically investigate the performance
of the nuclear magnetic resonance (NMR) when we use the
superconducting flux qubit (FQ) as the detector. For NMR
with the FQ, we discuss a Ramsey measurement and a dy-
namical decoupling. In the former scheme, we asymmetri-
cally drive the nuclear spins by the RF signals, and the FQ
detects the DC magnetic fields change due to the driving. In
the latter scheme, the FQ detects the AC magnetic field from
the nuclear spins due to the Larmor precession. We show that,
in either case, the minimum detectable density (number) of
the nuclear spins for the FQ is around 1021/cm3 (108) with
an accumulation time of a second. Our proposed NMR with
the FQ is attractive because of the possibility to detect the nu-
clear spins at a local region (∼ µm) with low temperature (∼
mK) and low magnetic fields (∼ mT).
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APPENDIX A: Signal of NMR using general dynamical
decoupling scheme
We derived the signal for NMR using dynamical decou-
pling with one pi pulse in Eq. (30). Here, we describe the
signal for NMR using dynamical decoupling with 2n−1 pi
pulses.
When we use the dynamical decoupling with even n, the
signal PDD,n in Eq. (31) becomes
PDD,n ' 1−
M∑
j=1
2 n2−1∑
i=0
cos
(
2i+ 1
2
τDDωj
)2
×
(
cos
ωjτDD
2
− 1
)2 (γ′B(spin)⊥,j )2
ω2j
(35)
for ωj  γ′B(spin)⊥,j . When the n is odd except for one, the
signal PDD,n in Eq. (31) becomes
PDD,n ' 1−
M∑
j=1
1 + 2 n−12 −1∑
i=0
cos ((i+ 1)τDDωj)
2
×
(
cos
ωjτDD
2
− 1
)2 (γ′B(spin)⊥,j )2
ω2j
(36)
for ωj  γ′B(spin)⊥,j . Similar to the case of the FQ coupled
with a single nuclear spin discussed above, we obtain the same
signal even when the initial spin state is completely mixed.
The signal considering the effect of low-frequency mag-
netic field noise, dephasing of the FQ and the imperfect read-
out, which is Eq. (34) for the case of n = 1, is
P˜ ′DD,n '1
2
+ V e−Γ
(FQ)
DD τDD
×
[
1
2
−
2 n2−1∑
i=0
cos
(
2i+ 1
2
τDDω
)2
×
(
cos
ωτDD
2
− 1
)2 M∑
j=1
(
γ′B(spin)⊥,j
)2
ω2
]
, (37)
for n is even. Regarding the dynamical decoupling with odd
12
n, the signal considering those effect is
P˜ ′DD,n '1
2
+ V e−Γ
(FQ)
DD τDD
×
[
1
2
−
1 + 2 n−12 −1∑
i=0
cos ((i+ 1)τDDω)
2
×
(
cos
ωτDD
2
− 1
)2 M∑
j=1
(
γ′B(spin)⊥,j
)2
ω2
]
. (38)
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